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Abstract 



Given a weight of sl(n), we derive a system of variable-coefficient second-order linear partial 
differential equations that determines the singular vectors in the corresponding Verma module. 
Moreover, we completely solve the system in a certain space of power series. The polynomial 
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solutions correspond to the singular vectors in the Verma module. The well-known results of 
Verma, Bernstein-Gel'fand-Gerfand and Jantzen for the case of sl(n) are naturally included in 
our almost elementary approach of partial differential equations. 

> 

o 

22 ! 1 Introduction 

in 

^ \ One of the most beautiful things in Lie algebras is the highest weight representation 



theory. It was established based on the induced modules of a Lie algebra with respect to 
a Cartan decomposition from one-dimensional modules of the Borel subalgebra associated 
with a linear function (weight) on the Cartan subalgebra. These modules are now known 
as Verma modules [VI]. A singular vector (or canonical vector) in a Verma module is 
an invariant vector under the action of the Borel subalgebra. It is well known that the 
structure of a Verma module of a finite-dimensional simple Lie algebra is completely 
determined by its singular vectors (cf. [VI]). In this paper, we find explicit formulas for 
the singular vectors in the Verma modules of the Lie algebra sl(n), in terms of differential 
operators. 

The structure of Verma module was first studied by Verma [VI]. Verma reduced 
the problem of determining all submodules of a Verma module of a finite-dimensional 
semisimple Lie algebra to determining the embeddings of the other Verma modules into 
the objective module. He proved that the multiplicity of the embedding is at most one. 
Bernstein, Gel'fand and Gel'fand [BGG] introduced the well-known useful notion of cate- 
gory O of representations, and found a necessary and sufficient condition for the existence 
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of such an embedding in terms of the action of Weyl group on weights. Sapovolov [S] in- 
troduced a certain bilinear form on a universal enveloping algebra. Lepowsky [L1-L4] 
studied analogous induced modules with respect to Iwasawa decomposition that is more 
general than Cartan decomposition, and obtained similar results as those in [VI] and 
[BGG]. These modules are now known as generalized Verma modules. 

Jantzen [J1,J2] introduced his famous "Jantzen nitrations" on Verma modules and 
used Sapovolov form to determine weights of singular vectors in Verma modules. Verma 
modules of infinite-dimensional Lie algebras were first studied by Kac [Kl]. Kac and Kazh- 
dan [KK] generalized the results of Verma [VI] and Bernstein-Gel'fand-Gerfand [BGG] to 
the contragredient Lie algebra corresponding a symmetrizable generalized Cartan matrix. 
Deodhar, Gabber and Kac [DGK] generalized the results further to more general matrix 
Lie algebras. Rocha-Caridi and Wallach [RW1, RW2] generalized the results of Verma 
[VI] and Bernstein-Gel'fand-Gerfand [BGG] to a class of graded Lie algebra possessing 
a Cartan decomposition and obtained Jantzen's character formula corresponding to the 
quotient of two Verma modules. The resolutions of irreducible highest weight modules 
over rank-2 Kac-Moody algebras were constructed. 

One of the fundamental and difficult remaining problems in this direction is how to 
determine the singular vectors explicitly. Malikov, Feigin and Fuchs [MFF] introduced a 
formal manipulation on products of several general powers of negative simple root vectors 
and used free Lie algebras to give a rough condition when such a product is well defined. 
It seems to us that their condition can not be verified in general and their method can 
practically be applied only to finding very special singular vectors. 

In this paper, we introduce an almost elementary partial differential equation ap- 
proach of determining the singular vectors in any Verma module of sl(n). First, we 
identify the Verma modules with a space of polynomials, and the action of sl(n) on the 
Verma module is identified with a differential operator action of sl(n) on the polyno- 
mials. Any singular vector in the Verma module becomes a polynomial solution of a 
system of variable-coefficient second-order linear partial differential equations. Thus we 
have changed a difficult problem in a noncommutative space to a problem in commutative 
space. However, it is impossible to solve the system in the space of polynomials. So we 
extend the action of sl(n) on the polynomial space to a larger space of certain formal 
power series. On this larger space, the negative simple root vectors become differential 
operators whose arbitrary complex powers are well defined (so are their products). In 
this way, we overcome the difficulty of determining whether a product of several general 
powers of negative simple root vectors is well defined in the work [MFF] of Malikov, Feigin 
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and Fuchs. 

Using commutator relations among root vectors and a certain substitution-of-variable 
technique that we developed in [X] , we completely solve the system of partial differential 
equations in the space of power series. There are exactly n\ linearly independent solutions, 
where the polynomial solutions correspond to singular vectors in the Verma module. The 
Verma module has n\ linearly independent singular vectors if and only if the weight is 
dominant integral. 

As an application, we give three examples on the structure of the Verma modules of 
si {n) with certain special highest weights that are not dominant integral. In a subsequent 
work, we will show that the first two examples give rise to generalizations of the wedge 
representations of the Lie algebra W\ +00 (cf. KP], [KR1]). Moreover, the third example 
will imply that the vacuum representations of Wi +OQ with negative integral levels are 
indeed irreducible. 

The result in this paper is not just useful in determining the structure of infinite- 
dimensional highest weight irreducible representations, but also give a new way of using 
symmetry to solve systems of partial differential equations. 

Throughout this paper, all the vector spaces (algebras) are assumed over C, the field 
of complex numbers. Denote by Z the ring of integers and by N the additive semigroup 
of nonnegative integers. 

In Section 2, we will derive the system of partial differential equations and give certain 
exact solutions. In Section 3, we will completely solve the system in a certain space of 
power series. In Section 4, we give three examples of application. 

2 Equations and Exact Solutions 

In this section, we will first derive a system of variable-coefficient second-order partial 
differential equations that determines the singular vectors in the Verma modules over the 
special Lie algebra sl(n). Then we will present and prove certain exact solution of the 
system. 

The special Lie algebra 

sl(n) = Span{E itj , E jti , E i:i - E i+hi+1 | 1 < % < j < n}, (2.1) 

with the Lie bracket: 

[A, B] = AB — BA for A, Be sl(n), (2.2) 
where E it j is the n x n matrix whose (i, j)-entry is 1 and the others are 0. Set 
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hi = E iti - E i+1>i+1 , i = 1,2, ...,n - 1. (2.3) 

The subspace 

rt-l 

H = ^Chi (2.4) 

i=i 

forms a Cartan subalgebra of sl(n). We choose 

{Eij | 1 < i < j < n} as positive root vectors. (2.5) 
In particular, we have 

{E iji+ i | % — 1, 2, n — 1} as positive simple root vectors. (2.6) 

Accordingly, 

{.Ejj | 1 < j < i < n} are negative root vectors (2.7) 

and 

{E i+ i yi | % — 1, 2, n — 1} are negative simple root vectors. (2.8) 

Let 

r= ( 2 - 9 ) 

l<j'<i<n 

be the torsion-free additive semigroup of rank n(n — l)/2 with as base elements, and 
let U(sl(n)) be the universal enveloping algebra of sl(n). For 

a= «^' er ' ( 2 - 10 ) 

l<j<i<n 

we denote 

E" = E^E^E^EZ/ ■ ■ ■ E a n f ■ ■ ■ E%£? e U(sl(n)). (2.11) 

Denote by Q- the Lie subalgebra spanned by (2.7) and by U(Q-) its universal enveloping 
algebra. Then 

{E a | a E T} forms a PBW basis of £/(£_). (2.12) 
Let A be a weight, which is a linear function on H, such that 

X(hi) = Xi for i = l,2,...,n- 1. (2.13) 

Recall that s/(n) is generated by {^j^+i, i^+i,, | « = 1,2, ...,n — 1} as a Lie algebra. The 
Verma s/(n)-module with the highest-weight vector v\ of weight A is given by 

M\ = Sp&n{E a v x | a e T}, (2.14) 
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with the action determined by 

i— 1 n 

E hl+1 (E a v x ) = (»,.,.,/••"•'- ' ' ^ '>„/••"••-• ' 

i=l J=i+2 
n n 

+a i+ i )i (A i + 1 - a ^ + Yl ^, t+l )E a -^)v x , (2.15) 

J=i+1 J=«+2 
i-1 

^ +liJ (E Q t; A ) = • ^n;. ; /-"'-' " ' )r A (2.16) 

for 2 = 1, n — 1. For any a G T, we define the weight of _E a t> a by 

i— 1 n 

(wt E a v x )(hi) = (Xi + y^(a^p - aj+i.p) + fe+i _ - 2a: i+M )/ij (2.17) 

p=l j=i+2 

for i = 1, n — 1. Then the Verma module M A is a space graded by weights. A singular 
vector is a homogeneous nonzero vector u in M A such that 

£i,i+i(u)=0 for i = l,...,ra-l. (2.18) 

Here we have used the fact that all positive root vectors are generated by simple positive 
root vectors. The Verma module is irreducible if and only if any singular vecor is a scalar 
multiple of v x . 

Consider the polynomial algebra 

A = C[x id | 1 <j < % < n] (2.19) 

in n{n — l)/2 variables. Set 

x a = JJ x^/ for a E T. (2.20) 

l<j<i<n 

Then 

{x a | a G T} forms a basis of A. (2-21) 
Thus we have a linear isomorphism r : M x — > „4 determined by 

r(£ a w A ) = x Q for q G T. (2.22) 

The algebra A becomes s/(n)-module by the action 

A(f) = T(A(T-\f))) for A e sl(n), f e A. (2.23) 

For convenience, denote the partial derivatives 

dtj = d Xi . for 1 < j < i < n. (2.24) 
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In particular, 

n n i—1 n 

— (Aj — Ys X 3,ify,i + Yj X 3,i+1^3,»+l)^i+l,i + Y x i,3 d i+l,3 ~ Y, x j,i+l9j,i (2.25) 
j=i+l i=i+2 j=l j=i+2 

for i = l,2,...,n- 1 by (2.15). 

Proposition 2.1. ^4 homogeneous vector u G Ma is a singular vector if and only if 

tZ i (r(u)) = for i = l,2,...,n- 1. (2.26) 

The system of partial differential equations 

n n 

{\~ Yj X h$j,i Jr Y/ X 3,i+l®hi+l)®i+lA Z ) 
j=i+l j=i+2 

i—1 n 

+ ^2 x iJ d i+lA z ) - Y x J,i+AA z ) = ( 2 - 27 ) 

j=l j=i+2 

for i — 1, 2, n — 1 and the unknown function z in {xjj | 1 < j < i < n}, is called the 
system of partial differential equations for singular vectors of type A n _\. 

Next we want to find a family of exact power series solutions of the system (2.27). 
First, we have 

i-l 

Vi = ^i+l,iU = x i+l,i + Yl X i+hjdi,j (2.28) 

3=1 

for i — 1,2, n— 1 by (2.16). Now we view {di, rji \ i = 1, 2, n— 1} purely as differential 
operators acting on functions of {xij | 1 < j < i < n}. In this way, we get a Lie algebra 
action on functions of {xij | 1 < j < i < n} through E i>i+ i = di and E i+ i ti = rji because 
sl(n) is generated by {E iii+ i, E i+ i :i | i = 1, 2, ...,n — l}asa Lie algebra. Note that 

i— 1 n 

hi(E a v x ) = (Aj + ^(«i, p - a i+ i iP ) + Y ( a i,i+i - a j,i) - 2a i+lti )E a vx (2.29) 

p=l j=i+2 

for i — 1, 2, n — 1 and ct G T. Accordingly, we set 

j— 1 n 

Ci = hi\A = ^i~^~'^2^ Xi 'P^ i 'P~ X i+l,p3i+l,p)~\~ Y2 ( X 3,i+ 1 ®3,i+ 1 ~ X 3\idj,i)—'2Xi+l,idi+l t i (2.30) 
p=l j=i+2 

for % = 1, 2, n — 1. The elements hi act on functions of {xij \ l<j<i<n} through 
Q. A function / of {x^j | 1 < j < i < n} is called weighted if there exist constants 
//i, fj,2, Hn-i such that 

Ci(f) = (Mf for i = l,2,...,n-l. (2.31) 
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Since di maps weigted functions to weigted functions, the system (2.27) is a weighted 
system. Any nonzero weighted solution of the system (2.27) is a singular vector of sl(n). 
In particular, any nonzero weighted polynomial solution / of the system (2.27) gives a 
singular vector r _1 (/) in the Verma module M\. 
Let 

Aq = C[x id \ l<j<i-2<n-2] (2.32) 
be the polynomial algebra in {x i: j \ I < j < i — 2 < n — 2}. We denote 



n-l 

=1 



^ = II<+M for ^(^fe-.^GC"- 1 . (2.33) 

Let 



Ai = { ' \i<peN,f l e C"- 1 , g A} (2.34) 

J gN n-l 1=1 

be the space of trucated-up formal power series in {2:2,1, £3,2, •••,^n,n-i} over ^4 . Then „4 
is a subspace of A\. Since is invariant under the action of {E i>i+ i = di,E i+ i ti = rji \ 
i — 1, 2, n — 1}, A\ becomes an s/(n)-module. 
For /j, G C and p G N, we denote 

(/i) p = n(n - l)(/i - 2) • • • {n - V + 1). (2.35) 

Moreover, by (2.28), we define 



v? = (xi+i,* + E *m,A.r = E ^t< + m(E ^,A,r ( 2 - 36 ) 

3=1 P =o p ' j=l 

as differential operators on Ai, for i — 1, 2, n — 1 and /x G C. If // ^ N, then the above 
summation is infinite and the positions of x i+ i ti and (X)}=i x i+i,jdi,j) are n °t symmetric. 
Since Xj+i,, and (X)}=i x i+i,jdi,j) commute, we have 

7 7 f 1 7 7 f 2 = ??f 1+M2 for /n,^ G C. (2.37) 

Given two differential operators d and d, we define the commutator 

[d,d) = dd-dd. (2.38) 

For any element f £ Ai and r G C, we have 

= ^+ M «+ M /) - = ^Ki/, ( 2 -39) 

that is, 

[d i+lji ,x r i+hi ] = rxl'li as operators. (2.40) 
7 
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Note that if (r, s) £ {(i + 1, j) | j = and (p, g) £ | j = - 1}, then 



Pr,.,^] = [x p , q ,r£] = 



directly by (2.36). Now 



i-l 



p=0 

oo 



P 



i-l 



p=0 



p! 



E 

p=0 



— l)p u-p-1 



P 



i-l 

J'=l 



by (2.40). Moreover, for j = 1, 2, i - 1, 



i-l 



p=0 ^' i=l 



i-l 



p=0 

oo 



p 



3=1 



LX) / ^ \ i — 1 

/ jT] X i+l.il/ /»+l,J g 'jJ °t,3 — Mi °i, 
p=l W J- j = i 



and similarly 



foj, ^il = Wij for j = 1, 2, i - 1. 

Lemma 2.2. For i,l G {1, 2, n — 1} and fi E C, we have: 

[d h Vi \ = VkiVi^i 1 ~ V + CO- 

Proof. Note that 

[£ M+1 , £™ M ] = m^^-T^l - m + /*) for m G N 



(2.41) 



(2.42) 



(2.43) 



(2.44) 



(2.45) 



(2.46) 



(cf. (2.3)). So (2.45) holds for any fiGN by (2.25), (2.28) and (2.30). Since (2.45) is com- 
pletely determined by (2.41)-(2.44), which are independent of whether /i is a nonnegative 
integer, it must hold for any ji E C. □ 



Denote the Cartan matrix of sl(n) by 



02,1 



Ol,2 
«2,2 



a n-l,l a n-l,2 



Ql,n-1 
Q2,n-1 

^71— l,Tl — 1 



2 -1 
-1 2 



-1 

2 



(2.47) 
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Lemma 2.3. For i, I G {1, 2, n — 1} and fi E C, 

[Ci,r^] = - m , i r^. (2.48) 

Proof. Observe that 

[A,, = -ma M £r +1)1 for m G N (2.49) 

(cf. (2.3)). Hence (2.48) holds for any fi E N by (2.28) and (2.30). Again (2.48) is com- 
pletely determined by (2.41)-(2.44), which are independent of whether /i is a nonnegative 
integer. Thus (2.48) must hold for any /i G C. □ 

Let m be a positive integer and let 

3:{l,2,...,m}-{l,2,..,n-l} (2.50) 



be a map such that 



We define 



and 



9f(i) ^ 9f(i + 1). (2.51) 
ti = A 9( i) + 1 (2.52) 



i-l 



= A S (j) + 1 - ^2 a ^( i )' Q (p) L P (2.53) 
P =i 

for i > 1 by induction on i Set 

^] = ^)%7--D • • - ^^(dCi). ( 2 - 54 ) 

a product of differential operators acting on I. Then 

77[S] G (2.55) 

(cf. (2.34)). Fot instance, 

= (2.56) 

By Lemma 2.2 and Lemma 2.3, we have: 

Theorem 2.4. The power series rj[^s] is a weighted exact solution of the system (2.27). 

3 Complete Solutions 

In this section, we want to solve (2.27) in A\ completely. 
For any 

^(^^...MeC"" 1 , (3.1) 
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we define 

± «2 H2-A„-l-l Ui Ui-Xn-1-1 IH-K-1 A„_(i_i)-(i-l) 

yV — 72 '/l '/j '/l 

„Mn-l ^n-l-An-l — 1 Mn-l+2-A2 A„_l-n/-.\ /q 0\ 

' " '/n-1 'ln-2 '"'11 l-U- 1<J- Z J 

Then 

e A (3.3) 

(cf. (2.32)-(2.34)) and is a solution of the system 

d 2 (z) = d 3 (z) = ■ ■ ■ = d^z) = (3.4) 

by Lemma 2.2 and 2.3. In fact, we have: 

Lemma 3.1. An element z in A\ is a solution of the system (3.4) if and only if it 
can be written as 

p 

z= X^-J^S^V^-J withc^qeC (3.5) 

J g J^n-l i=l 

for some jl\...,jl p G C n ~\ 

Proof. By Lemma 2.2 and 2.3, we only need to prove the necessity. Recall that 

E i)i+ i = di, E i+hi = r)i as operators on Ai (3.6) 

(cf. (2.25) and (2.28)) for i = 1, 2, n - 1. Note 

n-2 

d n -l = (A n _i — £n,n-l^n,n-l)^n,n-l + ^ ] x n-l,j9 n ,i- (3-7) 

i=l 

Moreover, (2.11) tells us that 

d n -2,n — E n _2,n\A\ 

= (A n -1 + A n _2 — Xn,n-2d n ,n-2 ~ %n,n-\dn,n-\)dn,n-2 
n—3 

— d n -ld n -l,n-2 + Xn-2,jd n ,i 

i=l 

— (A n -1 + A n _2 + 1 — Xn,n-2d n>n -2 ~ %n;ri-\dn,n-\)dn,n-2 
n—3 

— d n -l,n-2d n -l + Xn-2,jd n ,i- (3.8) 



i=l 



Set 



n— 1 



= n - i - 1 + X p for i = 2, 3, n - 2. (3.9) 
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Furthermore, 



d n -3,n — -^n-3,nUi 

(^n— 3 2 X n?1 _3(9 rtjn _3 3^n,n— 2'9n,ri— 2 2-n,n— l^n,n— l)^n,n— 3 

n— 4 

dn—2,ndn—2,n—3 <^n— l^n— l,n— 3 "I - ^ ^ •En—3,idn,i 



i=l 

3 



(-^n— 3 2 ^ ^ %n,n— p9n,n— p))^n,n— 3 "9?!— 2,n— 3^ri— 2,n ^n— l,n— 3^n— l,n 
p=l 

n— 4 

— [^n-2,n, <9n-2,n-3] — [^n-1 , <9n-l,n-3] + Xn-3,jdn,i 



i=l 

3 n-4 

(^n— 3 ^ ^ %n,n—pdn,n—p)dn,n—3 ~\~ ^ ^ %n—3,jdn,i 
p=l i=l 

—d n _2,n-3d n -2,n ~ ^n-l,n-3^n-l,n- (3.10) 

By induction, we can prove that 

n—l i— 1 n— 1 

p=i g=l i=«+l 

for ? = 2, 3, n — 2, where we take 

^n-i,n = d n ^\. (3-12) 

Suppose that 

z = fx^p (3.13) 

is a solution of the system (3.4) for some jl G C n_1 and / G -4o (cf- (2.32) and (3.2)). 
We want to prove that / is a constant. Denote 

e, = (0, 0,1,0,.. .,0) G C"- 1 (3.14) 

and 

j 

L t,j = Hi+j — y~](A n _p +1) for 2 < i < n — 1, < j < n — i — 1. (3.15) 
P =i 

We define 

for i — 2, n — 1, and 

n— 1 



i=2 
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Moreover, for fixed i > 2, 

Wi' 3 I <j < n-i- 1} (3.18) 

are all the factors in the righthand side of (3.2) that contain Xi + i iP or di iQ with p = 1, 
and g = 1, 2, i — 1 by (2.36). Besides, 

[d» 1 j,T£ J ]=l i jT£ J -\ (3.19) 

[d m , p ,^] = '-j'ir for p = 1, - 1, (3.20) 

i r—l 

E Xi+i, P di+i,p, vl i,j ] = '..An'; ''' - Yl x i+i,pVi' j ~ 1 di, P ), (3.21) 

p=r p=l 
i-1 i-1 

] x i,p9j, p , T] i ,3 ] = — ^ ] Xj + i tP r] i ' 3 di tP , (3.22) 

p=q p=q 

where 1 < r < % and 1 < q < % — 1. 
By (3.18)-(3.22), we have 

9 i+ i, r (^) e Ui (3.23) 

and 

(%2xi+ij>d i+1 j,)(<i>jt) = Q ir 0^ (mod J^t/s) (3.24) 
for 2 < i < n — 1 and 1 < r < i. Since for 2 < i < n — 2, 

Ei : n = [■E'i.i+l, [■E'i+l,i+2, ' ' ' , [E n -2,n-l, E n _ ljn ] •••]], (3.25) 

we have 

<*i,n = [<**, [4+1, • • • K-2,C?n-l] ••■]]• (3.26) 

Thus 

d i>n (z) = for 2 < i < n - 1. (3.27) 
By (3.11), (3.16) and (3.22)-(3.27), we obtain 

i— 1 rt— 1 

di,n(*) = [(Ai-c n _ li i)9 nii (/) + ^x ii g9 ni g(/)]^ 1 1 0^- ^ dj^dj^z) = (modC/) (3.28) 

q=l .7=1+1 

for i = 2, 3, ...n — 2 and 

ra-2 

<*n-i(*) = (J2 x n-i, q dnM))x2\<f>P = (mod [/). (3.29) 

g=l 

Since the constraint on d^ n {z) = (mod U) implies di, n di >n (z) = (mod [/), (3.28) is 
equivalent to 

i-1 

di, n {z) = [(Ai - C n -l,i)9 n> i(/) + X] ^,9^9(/)l :r 2,10M = ( mod f 7 ) ( 3 - 30 ) 

q=l 
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for i — 2,3, ...n — 2. 

Expressions (3.29) and (3.30) give 

^sA(/) + (^- c »-i,i) 9 »,.(/) = for i = 2,...,n-2, (3.31) 

9=1 

n-2 

E s "-iA,(/) = 0. (3-32) 

9=1 

We view 

d n ,i(f), d n>2 (f), ••• , d n>n - 2 (f) as unknowns. (3.33) 
Then the coefficient determinant of the system (3.31) and (3.32) is 

^2,1 A 2 — c n _ 1)2 

373,1 ^3,2 

■ ' ■ ' • A ra _2 — C n _i )n _2 

^n— 1,1 ' " ' l,n— 3 •^n—l,n—2 

n-1 

= Qx PiP _i - 0(x 2 ,i, x 3i2 , ...,x n _i >n _ 2 ) ^ 0, (3.34) 

p=2 

where p(x 2 ,i, £3,2, x n _i jn _ 2 ) is a polynomial of degree n - 3 in {x 2 ,i, x 3)2 , x n _i, n _ 2 } 
over Ao (cf. (2.32)). Therefore, 

9„,,(/)=0 for q = 1,2,...., n-2. (3.35) 

Based on our calculations in (3.23)-(3.25), we can prove by induction that 

d q +r, q (f) = forl<g<n-2, 2<r<n-g. (3.36) 

So / is a constant. 

Suppose that z is any solution of the system (3.4) in A\. By (2.34) and (3.2), it can 
be written as 

p 

z = E E A ' 'V J with fj e A (3.37) 

J gN n-l 1=1 

Let 

5 = {^G C"- 1 I /* ^ 0; f ff+1 = for all 0>jG N n_1 }. (3.38) 
The above arguments show that 

{fs \ a e S} are constants (3.39) 

(cf. the key equations (3.29) and (3.30)). Since ^o-gs fa^i^a is a solution of the system 
(3.4), so is z — Xlo-es fv^i&a- By induction, we prove the lemma. □ 
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To solve the system (2.27) in Ai, we only need to consider the solutions of the form 
z = x^tfiji with fl E C n_1 by the above lemma because (2.27) is a weighted system. Note 



di = (Ai -^x^dj,! + ^x ii2 9 ii2 )9 2 ,i -^2xj,2d jA . 

3=1 j=3 j=3 



(3.40) 



Denote 



n— 1 n— r n— 1 

Hi,r = ^2^i-^2(p-l)(X P +l)-{n-r) ( A 9 + 1 )> ^1,1 = ^1 + ^1,2 (3.41) 

p=r p=2 q=n— r+1 



for r = 2, 3, n — 1, 



r-2 



M2,r = /V - ^(A n - P + X ) for r = 2, 3, n - 1 

P =i 



and 



n— 1 n— 1 

Letting rr P)9 = 0forl<g<p — 2 < n — 2 in 



(3.42) 



(3.43) 



= [(Ai - ^x^dj,! + ^^-,2)92,1 - XI ^,2^,1] (z^^) = 0, 

j=2 j=3 j=3 



we get 



n— 1 



Ail,l(Ai + 1 - + fx) - X A*2,rA*l,r = 



(3.44) 



(3.45) 



r=2 



by (2.36) and (3.2). 

Suppose n > 3. We take = 0forl<g<p — 2 < n — 2 in 

n n n 

0n,l<M*) = 9 n,l[(Al - + X Xj^dj^,! -^Xtfdj^X^fo) = 0, (3.46) 

j=2 j=3 j=3 



A*n-1 



ra-2 



r=2 



rt— 2 i 

(//„-i -i - 5^A n _ p ) 
.i=i p=i 



and obtain 

n— 2 i 

[(A*i,i - l)(Ai + /i) 

-y^^2,r(A*l,r - 1) - (^2,n-l ~ l)(/^l,n-l ~ 1)] = 0. 

Note that 

[/il,l(Al + 1 - + ft) - X /i 2 ,r/il,r] - [(/il,l - l)(Al - + /«) 

r=2 

n-2 

- X A*2,r(A*l,r - 1) - (A*2,n-1 ~ l)(^l,n-l ~ 1)] 
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(3.47) 



n-1 



r=2 



n-1 



= Ai + fl - ^ /i 2 , r + 1 - /il,n-l = Ai + 1 - /il,„_l 
r=2 
n-1 

= (n-lJ + J^Ai-A/n-i. (3.48) 
%=\ 

By (3.45), (3.47) and (3.48), we have 

n— 1 i 
i=l p=l 

Therefore, 

i 

/i„_i G {0, ^ + X n- P | i = 1,2, ...,n- 1}. (3.50) 
P =i 

Assume n = 3. Then 

rfi = (Ai - x 2 ,id 2 ,i - x 3A d 3A + x 3t2 d 3t2 )d 2A - x 3t2 d 3tl , (3.51) 

z = = <i(^ l2 + ^.i^rKr* 2-1 ), (3.52) 

and (3.45) becomes 

(fix + /i 2 - A 2 - l)(Ai + A 2 + 2 - /ii) - fi 2 (fi 2 - A 2 - 1) = (3.53) 
Letting x 3t \ = in 

<9 3 ,idiO0 = ^3,i[(Ai - x 2jl d 2A - x 3il d 3i x + x 3:2 d 3:2 )d 2il 

-x 3 , 2 d 3 ,xM\(x 3 , 2 + x^rix^ 2 ' 1 )] = 0, (3.54) 
we get 

fi 2 (fi 2 - A 2 - l)(fix + A*2 - A 2 - 2)(Ai + A 2 + 1 - fix) 

-fi 2 (fi 2 - l)(fi 2 - A 2 - l)(/i 2 - A 2 - 2) = 0, (3.55) 
equivalently 

fi2(fi2 - A 2 - l)[(/i! + /i 2 - A 2 - 2)(Ai + A 2 + 1 - fix) - (fi 2 - 1)0/2 - A 2 - 2)] = 0. (3.56) 
By (3.53), we have 

(fix + fi2 - A 2 - 2)(Ai + A 2 + 1 - fix) - (fi2 - 1)0*2 - A 2 - 2) 
= -(Ai + fi 2 ) + fi 2 (fi 2 - A 2 - 1) - (/i 2 - l)(/i 2 - A 2 - 2) 
= -(Ai + fi 2 ) + 2fi 2 - A 2 - 2 

= // 2 -Ai-A 2 -2. (3.57) 
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Thus (3.56) and (3.57) give 

^ 2 0/2 - A 2 - 1)(a* 2 - Ai - A 2 - 2) = 0, (3.58) 

which implies that (3.50) holds for any n > 2. 

When n = 2, the solution space of (2.27) is C + Cxz\ +1 . In general, we can use (3.50) 
to reduce the problem of solving (2.27) to sl(n — 1) as follows. Denote 

Xl, _ „M2 /*2-A„_i-l Uj «i-A„_i-l Mi-A„-i A n _ (i _i)-(i-l) 

_ x 2,l'/2 '/l '/i '/l 

Mn-2— A„-l — 1 «„-2+3-A 3 A n _i-n 

' ' ' 'ln-2 '/n-3 ' ' ' '/l 

^2" 1 " 1 ^3" 1 " Ai " 2 " 2 • • • 77 - Aa -- Ai - 1 -( i - 2 ) (3.59) 
for i = 0, 1, n — 1, where we treat 

t?"^- 1- V-3~ 1_A< ~ 2_2 • • • J7 - Aa -~ Ai - 1 - (i - 2) = 1 if % = 0, 1, 2. (3.60) 
Moreover, we set 

^0 = 1, 1pi = Vn-l Vn-2 ••••Hi * (1), (3-61) 

for i = 1,2, ...,n — 1. Then {^j | i = 0, 1, ...,n — 1} are solutions of (2.27) by Theorem 
2.4. Denote 

n— i 

An-i,o = 0, A n _ M = n - i + ^ A n _ p for i = 1, 2, n - 1. (3.62) 

P =i 

According to (3.50), 

//„_! = A 7ll)i „_ 1 for some i n _i G {0, 1, ...,n — 1}. (3.63) 

Thus, 

* = a£i^t = *«n-i^-i- (3-64) 

Set 

{Aj if j < i n -! - 1, 

Ai„_! + A^.! + 1 if j = ^„_! - 1, (3.65) 
Aj+i if j > i„_i 

for j = 1, 2, n - 2. By (2.29) and (2.30), 

Mlfcn-i) = O(K-i) = A f " 2 Vi„-i for J = l,2,...,n-2. (3.66) 

Define 

n— 1 n— 1 

<^ = (A| ^ ~~ X j,i&j,i + #j,i+l<9j',i+l)<9i+l,i 

j=i+l i=«+2 
j— 1 rt— 1 

+ Yl x i>A+ij - XI X i' i + ld i' i (3.67) 
j=i i=«+2 
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for i = 1, 2, n - 2 by (2.25). Then 

d i (* in _ 1 (l)) = for i = l,2,...,ra-2 (3.68) 

by (3.64), (3.66) and the fact that ■0 iTi _ 1 is a solution of (2.27). The system (3.68) is a 
version (2.27) for sl(n — 1). So we have reduced the problem of solving (2.27) for sl(n) 
to that for sl(n — 1). This gives us an inductive process of solving (2.27) completely. 
Suppose that {A^ | j — 1, 2, , , , ,p} are defined. We define 

p-j+i 

A Pl0 = 0, Xpj=p-j + l+ Yl X P-r+i for J = l,2,...,p. (3.69) 

r=l 

We choose 

VG{0,l,...,p} (3.70) 

and define 

f Af if j < i p — 1, 

Af- 1} = A^ + A^ + 1 if j = i P — 1, (3.71) 
I A& if j > ip 

By induction, we have defined all 

{Af , X p , r | p= l,2,...,n- 1, j = l,2,...,p, r = 0, 1, (3.72) 

for a given vector 

?= (ii,i 2 ,...,i n -i) e N n_1 with « p < p, (3.73) 

where 

>-i) 



A ; = Xj for j = 1, 2, n - 1. (3.74) 



For i in (3.73), we set 



flu - „ Al .n . . V ip -AW-l A^+l 

— 71 '/P 7^-1 

• ■■vtT in - i vtr n - i ~ Xn - l ~ 1 ■ ■ -^r (3.75) 



where we treat 

rfv??' "" = 1 if * P = 0. (3.76) 
Note that 9^ is of the form r)[5s] defined in (2.50)-(2.54). In fact, all exponent of any rjj 
in (2.54) is either or of the form £* =1 (A g+r + x ) h Y ( 3 -62), (3.65), (3.69), (3.71) and 
(3.75). The following is our main theorem in this section. 

Theorem 3.2. The solution space the system (2.27) is: 

S= ( 3 - 77 ) 

i=(ii,...,i„_i)6N™- 1 , i p <p 
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which has dimension n\. 



Assume that 

n— 1 

£ = n -2 + ^\ p en. (3.78) 
P =i 

Set 

i 

£q = q + ^2\ p for g = l,2,...,n-2. (3.79) 
P =i 

Then 

A n -i, g +i + £q = £ for g = 1,2, ...,n- 2 (3.80) 

by (3.62). Define 

= l^lfc*"- 1 - 8 • ■■vt-2' n -Yn-lVn-2 " ••«(!), (3-81) 

which is a special case of 9^. It can be verified that is a polynomial. Thus r _1 (0) (cf. 
(2.22)) is a nontrivial singular vector in the Verma module M\ (cf. (2.14)), which was 
obtained by Malikov, Feigin and Fuchs [MFF]. 
Suppose that Q-? is a polynomial. If 

n-j 

A n _ij =n-j + ^A n _ p ^N + l for j = 1, 2, n - 1, (3.82) 
P =i 

then = 0. By induction, we obtain: 

Corollary 3.3. The Verma module M\ is irreducible if and only if 

j 

j + \+ P for 1 < % < n - 1, < j < n - 1 - %. (3.83) 

p=i 

Corollary 3.4. The Verma module M\ has at most n\ singular vectors up to scalar 
multiples. Any singular vector is of the form t~ 1 (8^) provided 8^ is a polynomial. It has 
exactly n\ singular vectors if and only if A is a dominant integral weight, that is, \ G N 
fori = 1,2...., n — 1. In this case, {r _1 (^) | i = (ix, i n -i) G i p < p} are all the 

singular vectors up to scalar multiples. 

Finally in this section, we want to list all the polynomial solutions 0^ that involve all rji 
when n — 3, 4. We will not list two solutions that are symmetric under changing indices 
i — > n — i. 

Example 3.1. n — 3. Polynomial solutions: 

^ 1+A2 ?7 2 A2+1 (1) = x £+** x **+ 1 with A 2 G N, -A 2 < Ai G Z; (3.84) 
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E (Ai + l) p (Ai + A 2 + 2) p Al+Aa+2 _ p Al +A 2 +2-p /oor\ 

I x 2,l X 3,1 X 3,2 {O.OO) 

p=l ^' 

with Ai + A 2 + 1 G N. 

Example 3.2. n = 4. Fundamental polynomial solutions are: 

(1) ^ 1+A2+A3+3 ?^ 1+A2+ V 1+1 (1) with Ai G N, -Ai - 1 < A 2 G Z and -A x - A 2 - 2 < 
A 3 G Z. 

(2) ^ 1+Aa+As+3 ^ 1+1 ^ +1 (l) with Ai, A 3 G N and -Ai - A 3 - 2 < A 2 G Z. 

(3) ?7 1 Al+A2+2 % A2+A3+2 % A2+1 (l) with A 2 G N, — A 2 — 1 < Ai G Z and — A 2 — 1 < A 3 G Z. 

(4) ?7 A2+1 r7 Al+A2+A3+3 ^ Al+A2+2 ^ Al+1 (l) with Ai + A 2 + 1 G N and -A x - A 2 - 2 < A 3 G Z. 

(5) ?7 A3+1 r7 Al+A2+A3+3 r7 Al+A2+2 ^ Al+1 (l) with X l G N and Ai + A 2 + A 3 + 2 G N. 

(6) ^ A2+A3+2 % Al+A2+A3+ V 1+1 r7 A3+1 (l) with A 3 G N and Ai + A 2 + A 3 + 2 G N. 

(7) % Al+A2+A3+3 ^ Al+A2+ \ A2+A3+2 % A2+1 (l) with Ai + A 2 + 1, A 2 + A 3 + 1 G N. 

(8) r7 Al+A2+A3+3 r7 A3+1 ^ A2+A3+2 ^ A2+1 (l) with A 2 + A 3 + 1 G N and -A 2 - A 3 - 2 < Ai G Z. 

(9) 77 A2+A3+2 ?7 A2+1 ^ Al+A2+A3+3 r7 Al+A2+2 ^ Al+1 (l) with Ai, A 2 , A 3 G Z such that -A 2 - 1 < 
Ai, A 3 and — A 2 — 2 < Ai + A 2 . 

(10) ^ A2+A3+2 % A3+1 % Al+A2+A3+3 % Al+A2+2 ^ Al+1 (l) with A x + A 2 + A 3 + 2 G N. 

(11) 7 ? A3+1 r ? Al+A2+A3+3 ^ 1 Al+A2+2 ^ A2+A3+2 r ? A2+1 (l) with Ai, A 2 , A 3 G Z such that < A 2 ; -A 2 - 
1 < A 3 ; -A 2 - A 3 - 2 < Ai or A 2 < -1; -A 2 - 1 < Ai, A 3 . 

(12) ?7 A3+1 r7 A2+A3+2 ^ A2+1 ^ Al+A2+A3+3 r7 Al+A2+2 ^ Al+1 (l) with A 2 + 1, Ai + A 2 + A 3 + 2 G N. 

4 Examples of Application 

In this section, we give three examples of applying the results in last section to the 
structure of the Verma module M\ for certain special weights A that are not dominant 
integeral. 

The following exchanging relation can be used to obtain different presentations of the 
solutions of the system (2.27) and the singular vectors in the Verma module M x . 

Proposition 4.1. For any /ii,/i 2 G C and 1 < i < n — 1, we have 

J11J1+/I2J12 _ „M2 Ml (A 1\ 

'li 'li+l 'li — 'li+rli 'li+V \^- l J 
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Proof. Note that for ji E C, we have 



X i+2,pdi+l,pi X i+l,i] — f ix i+li x i+2,i (4.2) 

p=l 



by (2.40). Moreover, 

i i— 1 i— 1 



a;j+2,p<9i + i iP , ^ Xj+ij^jj] — ^ x i+2 ,jdij. (4.3) 
p=i j=i i=i 



Hence 



M^l+^2 
'/i '/i+1 



_ \^ (A t l)p(A t l + jii+iij-jji-p^ a \p/V^ a \g 

~~ x i+2,i+l X i+U V / v -^i+lji^J J I / x i+ , 2,j2 u t+l,j2) 

p,q=0 jr'l=l j 2 =l 

[ | | | x i+2,i+l X H-2,j 2 l A+l,;?W ^j+l, 



r!s!p!(7! 

p,<?,r,s=0 j 2 =l 
i-1 i-1 

X (^^ x i+l,ji^iji) P x i+2,i(5Z x i+2,j 3 di,j 3 ) 

jl=l J3=l 

E {^l)p+r(Hl + H2)q ui+At2-g/V^ a \g— 7 — sni—p—r 

p,q,r,s=0 ' VF ; ' Vy 7 ' j 2 =l 

i-1 j-1 

X (^^ a; i+l,ji^iji) P X i+2,i(X^ x i+2j3^Js) 
Ji=l 33=1 

(^l)fc(^l ~ k) p - s ({li + » 1+M2 -q/V^ o >. g -fc /xi-fc-(p-s) 

2^ (jfe_ s )! s !(p- s )!( g -jfc)! ^+2,m lZ^^+2 j2 c mj2 j 

<j,fc,s=0p=0 v 7 ^ 7 vy 7 j2=l 

i-1 i-1 

X Cy^j X i+l,jidi,ji) P X i+2,iC^ X i+2,jzdi,jz) 
jl=l j' 3 =l 

E W^l + ^) 9 „Mi+M2-9/V^ „ Q ^q-k^l-k 

(k-s)\s\(q-k)\ i+w " 2 - ?/ " ; ' ,J ^ 



i-1 

X2; i+2,i(y^ x i+2,j 3 di,j 3 



33=1 



oo oo 



- 2^ 2^ _ s)!s!(g _ ni x «+2,i+i 12^+ 2 ^°WJ ^ 

g,fc=0 S=0 V ) VI J j 2=1 

i-1 

X x i+2,i ( x i+2,j 3 di,j3 ) 

33=1 

q,k=0 ' W 7 ' j 2 =l 33=1 
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\^ \^ (Vl)k(Vl + ^2)k{^l +^2 - fyq-k » 1+M2 -fc-( g -fc)/V^ ^ J) \<?-fc 

fc=0 g=0 ' W ; ' j 2 =l 



i-1 



J3=l 

(^l)fc(^l + /^)fc » 1+M2 -fc ftl-fc/ , Q Nfc / 44 ^ 

- 2^ fc! ^ l^i+2,1 + 2^ x i+2,3: i Oi,j i ) (4.4) 

k=0 ' 33=1 

by (2.36), (4.2) and (4.3). Similarly, we have 

-W+W-Jii - \^ (/^Qfc^l + ^2)fc M1 -fc »i+ M2 -fc/ , ^ . \k fu) 

*7i ^i+l - jM ^ l^+2,» + £ , X i+2,33°i,33) ■ l 4 '^ 



fc! 

fc=0 J3 = l 

Thus 

111 M2 \ ^ (/ i l)fc(^l + /^2)fc a-i+112-k Ui+U2-k/ . \ ^ o \fe 

wvi+iw = 2^ fci ^ (^+2,i + 2^ ^+2j 3 ^j 3 ) 

k=0 ' ' 33=1 

= OT^i- D ( 4 -6) 



Example 4.1. Suppose that 

Aj e N — 1 for i = l,2,...,n- 1, (4.7) 

that is Xi E N or A; = -1. Set 

/ = {ie{l,2,..,n}|A i eN} ) ii = {1,2, ...,n} \ I . (4.8) 

Denote by the Lie subalgebra of sl(n) spanned by (2.7) and by U(QJ) its universal 
enveloping algebra. Since 

=77? = 1 if A, = -1, (4.9) 
The maximal proper submodule of the Verma module M\ is 

iei 

by Corollary 3.4 and induction based on the fact that all % are polynomials. The character 
of the irreducible quotient module V\ = M\/N\ can be obtained by using the Weyl 
character formula for the subalgebra generated by {E iti+ i, E i+ i ti \ i e Io}. 

Example 4.2. Suppose that Aj = — N is a negative integer with N > 1 for some fixed 
i e {1, 2, n — 1} and 

Aj-eN-1 for - + 1 ^ j e {l,2,...,n- 1} (4.11) 
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and 

A - 2 < Ai_i if i - 1 > and iV - 2 < A i+i if i<n-l. (4.12) 

Let 

« = C + ^° Ar+J ^^---^ +1 (l) (4-13) 
such that r < i < r + p. Then 



C s (m) = /i s w and // s e N - 1 for 1 < s < r + p (4.14) 
by (2.30). Assume that 

Ai_! — N — 2 if i - 1 > and A m = A - 2 if i < n - I. (4.15) 

This implies 

A i _i + A i + 2 = A i+ i + A i + 2 = 0. (4.16) 

Since 9-? is of form 77 [S] (cf. (2.50)-(2.54)), Corollary 3.4 implies that the maximal proper 
submodule A/a of the Verma module M\ is the same as (4.10). 

Example 4.3. Let A > 1 be an integer. Assume that A« = —A for some fixed 
i e {1, 2, n — 1} and 

A, = ifj^i. (4.17) 

Denote by the Lie subalgebra of sl(n) spanned by (2.7) and by U(QJ) its universal 
enveloping algebra. Set 

M = Y,U{Q-)E h]+l v x . (4.18) 

We define the order of the powers in the product formula (3.75) of 6^ starting from "(1)." 
For instance, the first power is the (n — i n _i — power is r^S^ 71 ' 1 A ™ _1 

and the (n — i n -i)th power is ^l^ 1 '*" -1 - According to (3.62), (3.65) and (3.69)-(3.75), if a 
negative power of some rjj with j 7^ 2 appears in 0?, then prior first power of t^-i or r] i+ i 
must be negative. For instance, 

rfc! T Tfc?vl- N (l) (4-19) 

is such a 6>^. This implies that the positive powers of rjj prior to the first negative power 
of rji in Q-* do not affect whether is a polynomial. 
Given p > A, we have 

p+l-JV -1 2-iV 1-AT/iN -1 2-N 1-N p+l-N /-, \ /, on \ 

Vi+P ■ ■ ■ Vi+NVi+N-2 ■ ■ ■ Vi+i Vi (1) = Vi+N-2 ■ ■ ■ Vi+i Vi Vi+p ■ ■ ■ Vi+N{l)- (4.20) 
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For ji G C, postive integers p, j such that j < n — p, and p > q G N, we have 




(4.21) 



by Lemma 4.1. Suppose that 0j is a polynomial and 



(4.22) 



(cf. (2.22)). By (4.20). (4.21) and induction, % must be of the form 



N—2 — 1 N—3 — 1 —2 

^i+l ' ' ' Vi+4:-NVi+2-N r li+2 ' ' ' Vi+6-NVi+4-N r li+3-N 



Vi+p-1 ' ' ' r ]i+2p-NVi+2p-2-N ' ' ' Vi+p-N 




(4.23) 



which is absurd. Thus the maximal proper submodule Af\ of the Verma module M\ is M 



In a subsequent work, we will show that Examples 4.1 and 4.2 give rise to generaliza- 
tions of the wedge representations of the Lie algebra Wi +OQ (cf. KP], [KR1]). Moreover, 
Example 4.3 will imply that the vacuum representations of M^i+oo with negative integral 
levels are indeed irreducible. 
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